A nonperturbative quantum dissipation theory is developed based on an optimal construction of biexponential Drude bath correlation function for its influence on the system dynamics. It is an advanced hierarchical quantum master equation approach, aiming at a numerically efficient non-Markovian quantum dissipation propagator, with the support of a convenient criterion to estimate in advance its accuracy for general systems. Compared to its low level, single-exponential counterpart ͓R. X. Xu et al., J. Chem. Phys. 131, 214111 ͑2009͔͒, the present theory remarkably improves the applicability range over all-parameter space, as tested critically with electron transfer and frequency-dispersed transient absorption of exciton dimer model systems.
I. INTRODUCTION
As a foundation of quantum statistical mechanics and its broad applications, quantum dissipation theory ͑QDT͒ has remained an active topic of research since about the middle of the last century. The current intensive activities in this field aim at developing exact, nonperturbative, and also numerically efficient QDTs. They are closely related to the recent development in nanoelectronics and the study of excitation energy transfer in biological light harvesting pigmentprotein complexes. The key quantity in QDT is the reduced system density operator, ͑t͒ϵtr B tot ͑t͒, i.e., the trace of total composite one over bath subspace. Now, it is well established that the path integral influence functional formalism, [1] [2] [3] which is an exact QDT for Gaussian bath coupling, can be reformulated in terms of hierarchical equations of motion ͑HEOM͒. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] This exact formalism describes how the reduced system density operator of primary interest, ϵ n=0 , couples hierarchically with a set of well-defined auxiliary density operators ͑ADOs͒, ͕ n ͑t͖͒. The HEOM formalism has the advantage in both numerical efficiency and applications to various systems. Moreover, the initial system-bath coupling that is not contained in the original path integral formalism can now be included with proper initial values of ADOs.
An important step to the HEOM construction is to have a certain exponential expansion of bath correlation functions, evaluated via the sum-over-poles contour integration of the fluctuation-dissipation theorem. Let K be the number of exponential terms ͑i.e., the number of poles͒ considered explicitly. The ADO labeling index is then a collection of nonnegative integers, n = ͑n 1 , ... ,n K ͒. The specified ADO n ϵ n 1 ,. . .,n K is of the leading ͑n k ͒th-order dependence on each individual kth component of bath correlation function, 10, 11 compared with = 0,. . .,0 that is of order 1. Therefore, the number of total ADOs, which depends also on the truncated hierarchical level L, scales factorially on the number of poles, and so does the numerical cost of HEOM.
The bath spectrum poles arise from the spectral density and also the Bose-Einstein distribution, i.e., the Bose function. The conventional sum-over-poles expansion of the Bose function is the Matsubara spectrum decomposition ͑MSD͒ scheme, 2, 3, 14 which is, however, notorious for its slow convergence. This problem is partially overcome by the Markovian white noise residue ͑WNR͒ approximation method, 6 which resums the remaining infinite series of Matsubara expansion by delta function. A rather efficient partial fraction decomposition ͑PFD͒ scheme has also recently been applied to the HEOM dynamics. [15] [16] [17] The best sum-over-poles expansion of the Bose function is the Padé spectral decomposition ͑PSD͒ scheme. 18 It leads to a much smaller number K of exponential terms than its MSD and PFD counterparts. The exact HEOM-QDT is, however, still numerically expensive, in general, despite the rapid numerical advancements recently. [19] [20] [21] Included especially is the on-the-fly filtering algorithm 19 that dramatically reduces the effective number of ADOs and, meanwhile, also automatically truncates the hierarchy level L. The ultimate goal here is to have the most cost-effective HEOM-QDT, together with a well-defined criterion to quantify in advance its applicability to the general systems. In line with this, we have recently proposed a hierarchical quantum master equation ͑HQME͒ approach. 22 This theory is based on an optimal construction of single-exponential Drude bath correlation function, together with a Markovian WNR ansatz. As it constitutes the lowest level of a systematic expansion, this original approach 22 will be termed as the HQME0 Zusman equation, which dramatically extends the applicability range of the original Zusman theory, without extra computational cost. 22 In this work, we propose an advanced version of HQME, namely, HQME1, on the basis of an optimal construction of biexponential Drude bath correlation function, together with a Markovian WNR ansatz. The ͓1/1͔-Padé approximant of the Bose function is used. This is a PSD scheme. 18 It is noticed that for the Bose function itself, the ͓N −1/ N͔-PSD is considered to avoid divergence. 18 This serves as a general starting point to construct efficient HEOM for an arbitrary bath spectral density function. Here, we focus on the Drude model and the resulting Drude bath correlation function is of ͑N +1͒-exponential terms. On the other hand, we can also apply the ͓N / N͔-PSD of the Bose function. It leads to the Drude bath correlation function, a different ͑N +1͒-exponential expansion, with an additional WNR approximant term now. The reduced dynamics via both HEOM-PSD schemes is exact when N is sufficiently large. However, it is anticipated that ͓N / N͔-PSD not just converges faster than ͓N −1/ N͔-PSD but it also supports for any given N a convenient criterion of applicability due to the fact that the only approximation involved there is the Markovian WNR ansatz. The HQME1 to be developed is on the basis of the ͓1/1͔-PSD scheme. It leads to the best biexponential expansion of Drude bath correlation function. Like HQME0, 22 the present theory carries also a WNR term as its only approximation. As a result, HQME1 supports also a simple criterion on its performance before any numerical calculation to real systems.
The remainder of this paper is organized as follows. In Sec. II we present the HQME1 theory and its validity and performance criteria. We exemplify the present theory with the standard electron transfer spin-boson model in Sec. III A and the frequency-dispersed transient absorption of an exciton dimer system in Sec. III B. A quantitative examination of the HQME1 dynamics, together with the proposed validity and performance criteria, will be carried out numerically in comparison with the exact HEOM dynamics. Concluding remarks are given in Sec. IV.
II. HIERARCHICAL DYNAMICS THEORY WITH BIEXPONENTIAL DISSIPATION

A. Hierarchical quantum master equation
Consider a single-dissipative-mode case in which the total system-bath composite Hamiltonian assumes H tot ͑t͒ = H͑t͒ − Q F B ͑t͒. The reduced system Hamiltonian H͑t͒ is arbitrary including couplings with time-dependent external driving fields. The Q F B ͑t͒-term denotes the system-bath coupling, in which the system operator Q defines the dissipative mode, through which the stochastic bath operator or generalized Langevin force F B ͑t͒ acts on the system. The generalized Langevin force is a Gaussian stochastic operator in bath subspace, with ͗F B ͑t͒͘ B = 0, so that its influence on the reduced system dynamics is completely characterized by the correlation function,
The second identity is the fluctuation-dissipation theorem that relates bath correlation function to the spectral density J͑͒. In this work, we focus on the Drude model,
with the cut-off frequency ␥ and the bath reorganization energy that relate to the system-bath coupling strength. Throughout the paper, we denote the reduced system Liouvillian by L · ϵ͓H͑t͒ ,·͔, the inverse temperature by ␤ =1/ ͑k B T͒, and the Planck constant by ប =1. We shall be interested in the best biexponential approximant of bath correlation function with the WNR ansatz, i.e.,
The involved parameters are obtained via the appropriate Padé approximant as follows ͑setting x = ␤͒:
ͪ.
͑4͒
The first identity is the Laurent expansion of the Bose function, while the second identity exploits the ͓1/1͔-Padé ap-
The above approximant leads to the Drude bath correlation function C͑t͒ in the form of Eq. ͑3͒, with
These are the best biexponential parameters for the Drude bath correlation function in the form of Eq. ͑3͒, with the last term being the WNR ansatz. The corresponding HEOM ͑i.e., HQME1͒ reads as
accounting for the WNR ansatz. The involved ADO, n ͑t͒ = n,n Ј ͑t͒, n , nЈ Ն 0, is dimensionless and has also been scaled individually to be of the same error tolerance as that of 0,0 ͑t͒ϵ͑t͒, the reduced density operator of primary interest. Thus, an efficient on-the-fly filtering algorithm 19 can be applied, which also automatically truncates the level of the hierarchy, L = max͑n + nЈ͒. The resulting ͑t͒ dynamics is of the converged ͑2L͒th-order in the system-bath coupling. Note also that the hierarchical construction resolves not just system-bath coupling strengths but also memory time scales, 10 as inferred by the damping terms in Eq. ͑7͒.
B. Criterion on the applicability
Apparently, the WNR ansatz on the top of the biexponential expansion does not bring up new ADOs. More remarkably, it leads to a convenient criterion for the applicability of HQME1. This can be analyzed quantitatively by considering the validity of
͑9͒
where ␦C͑t͒ ϵ C͑t͒ − ͓c exp͑− ␥t͒ + cЈ exp͑− ␥Јt͔͒.
͑10͒
Note that ␦C͑t͒ is real, as the exact result of Im C͑t͒ =−␥ for the Drude model is reproduced in Eq. ͑6͒. We will consider the residue function in the frequency domain, ␦C͑͒ ϵ Re͐ 0 ϱ dte it ␦C͑t͒, and Eq. ͑9͒ is just the Markovian white noise treatment of the deviation residue. This is the only approximation involved in Eq. ͑7͒, the HQME1. It is found that the residue inverse time ⌫͑␥ , ␤͒ can be well approximated ͑within about 0.2% of the relative error͒ by
To validate the WNR ansatz, i.e., the approximation of ␦C͑t͒ ͓cf. Eq. ͑10͔͒ by a delta function, we introduce
͑13͒
This is an analog of the Kubo's modulation parameter, originally adopted for spectroscopic motional narrowing problem, 23, 24 but now used as the quality measure of the WNR approximation for ␦C͑t͒. The range of the applicability of HQME1, as depicted in Fig.  2 , and the numerical demonstrations below is truly remarkable.
III. NUMERICAL DEMONSTRATIONS
A. Electron transfer dynamics
Let us first exemplify the performance of HQME1 on the simple electron transfer systems, making in contact with that of HQME0 carried out recently. 22 The total system-plus-bath composite Hamiltonian is assumed as 
Here, E ‫ؠ‬ is the reaction endothermicity, V is the transfer coupling matrix element, and h a and h b are the solvent Hamiltonians for the system in the donor ͉a͘ and the acceptor ͉b͘ states, respectively. Their difference, U ϵ h b − h a , defines the solvation coordinate. The system is assumed to be initially on the donor state, i.e., tot ͑t =0͒ = ͉a͗͘a͉ a eq , with a eq ϰ e −␤h a ϵ e −␤h B defining the equilibrium density operator of the bare bath at a given finite temperature. The solvation reorganization energy is given by = ͗U͘ B =tr B ͑U B eq ͒. The generalized Langevin force is then F B ͑t͒ϵe ih B t ͑U − ͒e −ih B t . Its effect on the reduced system is characterized by the bath correlation function of Eq. ͑1͒. Therefore, the reduced system Hamiltonian is
while the dissipative system mode is
The characteristic system frequency is the Rabi frequency
2 for the present system of study. The parameters for the numerical demonstrations presented in Figs. 3-5 are chosen in relation to Eq. ͑15͒. The exact HEOM dynamics and the HQME0 counterparts 22 are also presented for comparison. Apparently, HQME1 ͑black͒ is more expensive than HQME0 ͑gray dashed line͒, but it is much more implementable than the exact HEOM ͑thin red line͒ dynamics based on the converged ͓N −1/ N͔-PSD scheme. 18 As mentioned earlier, this scheme offers the most efficient sum-over-poles expansion of the Bose function itself, remarkably superior over the conventional Matsubara expansion 2,3,14 and the recently developed PFD schemes.
15,17
As a routine practice, we exploit also the efficient on-the-fly filtering algorithm 19 for all hierarchical dynamics propagations. Fig. 3 , but with one applicability parameter, ͑␥ , , ␤͒, being around the boundary of applicability ͓cf. Eq. ͑15b͔͒. Fig. 3 , but with the applicability parameters, ⌫͑␥ , ␤͒ / ⍀ s and ͑␥ , , ␤͒, being both around the boundary of applicability ͓cf. Eq. ͑15b͔͒.
FIG. 4. The same as in
FIG. 5. The same as in
where HQME1 is semiquantitative, and thus still able to catch all main dynamic features. As demonstrated, the maximum error is about 0.1, which appears in the long time regime. We have also checked the cases that do not meet the criterion of Eq. ͑15͒; the resulting HQME1 becomes inapplicable, as the WNR approximation fails in these cases. We have also found that the performance of HQME1 becomes better, in general, as ⌫͑␥ , ␤͒ / ⍀ s or ͑␥ , , ␤͒ increases, with the latter being more sensitive. The influence of ⌫͑␥ , ␤͒ / ⍀ s is mainly on the equilibrium state.
B. Frequency-dispersed transient absorption spectrum of exciton dimer systems
We now examine the performance of HQME1 in nonlinear spectroscopy calculation, exemplified with the frequency-dispersed transient absorption ␣͑ , t d ͒ of a model exciton dimer system at different temperatures, where t d denotes the delay time of probe field center with respect to that of pump field. The probe field is assumed to be in the weak response regime. Therefore, the transient absorption coefficient can be formulated via the pump-field dressed nonequilibrium response function technique, 25 implemented with the hierarchical Liouville-space algebra ͑cf. Ref.
26͒. We will demonstrate the difference spectroscopy, between pump-on and pump-off signals,
͑19͒
While the pump-off signal ␣ A ͑1͒ ͑͒ is just the linear absorption coefficient, the difference signal is nonlinear and consists of the absorptive ␣ A NL ͑ , t d ͒ and emissive ␣ E NL ͑ , t d ͒ components. 25, 27 The relevant reduced system Hamiltonian in the presence of resonant pump field reads in the rotation wave approximation as
Here, ⍀ and E͑t͒ are the central frequency and slowly varying envelop of pump field, respectively, while
denotes the transition dipole along the pump-field direction z. The relevant states are the initial ground state ͉0͘, the singleexciton states ͉1͘ and ͉2͘ at the molecular site 1 and site 2, respectively, and the double-exciton state ͉d͘. The exciton operators in the state representation are b 1 = ͉0͗͘1͉ + ͉2͗͘d͉ and b 2 = ͉0͗͘2͉ + ͉1͗͘d͉. The reduced system is characterized by the on-site transition energies ⑀ 1 and ⑀ 2 , the exciton transfer coupling V, and the Coulombic interaction U. The dissipative system modes are set to account for onsite energy fluctuations, i.e.,
Note that the on-site energy ⑀ m = ⑀ m ‫ؠ‬ + m in Eq. ͑20͒ had already contained the solvation energy contribution. We assume that the site energy fluctuations are uncorrelated; thus, the relevant interaction spectral densities are of
The evaluated spectroscopic signals demonstrated in Figs. 6 and 7 are for the same pump-dressed dimer systems, but at different temperatures, in contact with the applicability criteria of HQME1 by Eqs. ͑15a͒ and ͑15b͒, respectively. The parameters of the system and bath are detailed as follows. The dimer consists of two identical sites ͑⑀ = ⑀ 1 = ⑀ 2 ͒ but with different orientations ͑ 1z 2z ͒, subject to the same Drude dissipation J͑͒ = J 1 ͑͒ = J 2 ͑͒ of Eq. ͑2͒, with ␥ = ␥ 1 = ␥ 2 = 600 cm −1 and = 1 = 2 = 600 cm −1 . Fig. 6 , but now the system is at T = 77 K, falling into the HQME1 semiquantitative regime by Eq. ͑15b͒.
parameters V = −400 cm −1 and U = 200 cm −1 are also fixed. The characteristic system frequency is therefore ⍀ s
2 . Set 2z / 1z = 0.35 for the dimer orientation asymmetry, and let the pump field E͑t͒ in Eq. ͑20͒ be a transform-limited Gaussian pulse of 50 fs at the full width at half maximum, the central frequency of ⍀ = ⑀, and the Rabi frequency of 1z E max = 200 cm −1 at the peak. Figure 6 demonstrates the resulting optical signals at T = 298 K, which, for the dimer system of study, falls in the HQME1 accurate regime by Eq. ͑15a͒; i.e., both ⌫͑␥ , ␤͒ / ⍀ s and ͑␥ , , ␤͒ are larger than 5. As expected, the HQME1 results ͑black line͒ are much closed to the exact ones ͑thin red line͒. The linear absorption coefficient ␣ A ͑1͒ ͑͒ ͑top panel͒ and the nonlinear absorptive ␣ A NL ͑ , t d ͒ ͑middle panel͒ and emissive ␣ E NL ͑ , t d ͒ ͑bottom panel͒ components of the time-frequency-resolved probe difference absorption coefficient are reported here. Figure 7 is the same system as in Fig. 6 , but the temperature decreases to T = 77 K, resulting in the HQME1 semiquantitative criterion region by Eq. ͑15b͒. The overall absorptive and emissive features are caught but with deviations in the line shapes and/or peak positions, resembling the quality in Fig. 4 or Fig. 5 for the electron transfer systems.
Evidently, the above two figures verify that the simple criteria ͓Eq. ͑15͔͒ on the HQME applicability remain valid in the nonlinear spectroscopy as studied here. Note that all those nonlinear components in both Figs. 6 and 7 are plots with the same scale, and the curves at adjacent probe delay times t d are vertically and equally shifted for clarity. The pump pulse field exploited in the calculations is rather strong. It results in about 14.5% bleaching of the initial ground states in the specified exciton dimer system at the temperatures considered here. Thus, the nonlinear excitation processes in both Figs. 6 and 7 are rather complicated, involving not just the absorption of ground hole state to singleexciton states and the stimulated emissions of single-exciton states to the ground state but also their further excitations to the double-exciton state and other high-order events. The detailed analysis on these nonlinear processes is possible, but is beyond the scope of the present paper.
IV. CONCLUDING REMARKS
In summary, we have proposed an advanced version of HQME, named HQME1 after the HQME0 in Ref. 22 . It is constructed on the basis of the ͓1/1͔-Padé approximant of the Bose function. It results in the best biexponential expansion of the Drude bath correlation function, with the deviation from the exact result being partially accounted for by the additional Markovian WNR ansatz, ␦C͑t͒Ϸ2⌬␦͑t͒. The generalization of the present HQME theory on the basis of the ͓N / N͔-Padé approximant is straightforward and will be published in the future.
The WNR ansatz is the only approximation involved in the HQME theory. To qualify this ansatz, the decay parameter ⌫͑␥ , ␤͒ of ␦C͑t͒ should be compared with not just the characteristic system frequency ⍀ s but also the amplitude of ␦C͑t͒ itself. The latter is expressed in terms of the modulation parameter ͑␥ , , ␤͒ of ␦C͑t͒. The simple expressions of ⌫͑␥ , ␤͒ and ͑␥ , , ␤͒ for HQME1 are given by Eqs. ͑12͒ and ͑13͒, respectively, while their HQME0 counterparts were reported previously. 22 The Markovian WNR ansatz does not increase the number of ADOs to the HQME, but provides a convenient criterion on the applicability on the basis of Eq. ͑14͒ or Eq. ͑15͒ in practice. The HQME dynamics is practically exact when min͕⌫͑␥ , ␤͒ / ⍀ s , ͑␥ , , ␤͖͒ տ 5 and semiquantitative when 2 Շ min͕⌫͑␥ , ␤͒ / ⍀ s , ͑␥ , , ␤͖͒ Շ 5. The generalized HQME theory can be implemented with hybrid levels for multiple dissipative modes, together with the individual criteria that can be used to estimate the performance before real calculations. Therefore, the HQME theory developed in this work will be a useful approach for the nonMarkovian and nonperturbative dynamics of large complex systems.
